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Abstract. We characterize the small fe-linear [k algebraically closed) Karoubi categories of 
which the category of finitely presented representations are abelian and satisfy Serre duality. 
C " ;) , Furthermore, we show that those categories whose category of finitely presented representations 

' is hereditary are classified by so called thread quivers. 
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1. Introduction 

It was shown in fB] that every fc-linear (where k is an algebraically closed field) abelian noether- 
ian hereditary category with Serre duality which is generated by preprojective objects is derived 
equivalent to the category rep Q of finitely presented representations of a strongly locally finite 
quiver (i.e. a quiver where the indecomposable projective and injective representations have finite 
length). 

In |5] we wish to remove the noetherian condition. It was shown in |15| that in this more general 
case, the abelian categories under consideration cannot be derived equivalent to a noetherian 
category such as repQ. In order to accommodate these larger nonnoetherian categories, we need 
to generalize our notion of a quiver to a suitable category a, where "suitable" means that the 
category mod a of finitely presented modules is abelian, hereditary, and has Serre duality. It turns 
out that these categories can be classified by thread quivers (see Theorem II. 21 below). 

In this way, we contribute to the study of dualizing fc-varieties (introduced in [2^ ) and we expand 
upon the results of 

Before stating our results, we will give some definitions. A finite k-variety is a Hom-finite 
additive category a where idempotents split. The functors o(— ,A) and a{A, —)* from a to mod A; 
will be called standard projective representations and standard injective representations, respec- 
tively. We will write mod a for the category of contravariant functors a — > mod k which arc finitely 
presentable by standard projectives. 
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Figure 1 . The poset Ct 

We will say a finite fc- variety a is dualizing if and only if fProposition 14. It a has pseudokernels 
and pseudocokernels (thus mod a and nioda° are abelian, where a° is the dual category of a), 
every standard projective object is cofinitely generated by standard injectives, and every standard 
injective object is finitely generated by standard projectives. 

A finite /c-variety o is called semi-hereditary if and only if the category mod o is abelian and 
hereditary. It has been shown (see Proposition 13. ip that o is semi-hereditary if and only if every 
full (preadditive) subcategory with finitely many elements is semi-hereditary. 

Let a be a finite /c-variety. The following theorem (Theorem 14. 7|) shows that mod aa is an 
abelian and hereditary category with Serre duality if and only if a is a semi-hereditary dualizing 
(finite) fc-varieties. 

Theorem 1.1. Let a he a finite k-variety. The following are equivalent: 

(1) mod a is abelian and has Serre duality, 

(2) o is a dualizing k-variety and every object of mod o has finite projective and finite injective 
dimension. 

Intuitively, a semi-hereditary dualizing /c-variety can be seen as the free fc-linear path category 
kQ of a strongly locally finite quiver k without relations, but where some arrows are replaced by 
infinite locally discrete (= without accumulation points) linearly ordered posets. To accommodate 
this extra information, we will introduce thread quivers. 

A thread quiver consists of the following information: 

• A quiver Q — {Qq, Qi) where Qo is the set of vertices and Qi is the set of arrows. 

• A decomposition Qi = U Qt- Arrows in will be called standard arrows, while arrows 
in Qt will be referred to as thread arrows. 

• With every thread arrow t, there is an associated linearly ordered set Vt, possibly empty. 

Vt 

With every thread arrow t : x >-?/ in Q we associate a locally discrete (= there are no 

accumulation points) linearly ordered poset Ct with a minimal and a maximal element: namely 

£4 = N • (Pt X Z) • -N, where A ■ B means "first A, then S" and T^t x Z is the poset T^t x Z with 
the lexicographical ordering (see Figure [J). 

The poset Ct is interpreted as a category in the usual sense, and kCt will denote the fc-linearized 
category. 

To recuperate the semi- hereditary dualizing fc-variety from the thread quiver Q, we need to 
replace the thread arrows by the corresponding linearly ordered posets. Since is cumbersome 
-albeit possible- to do this "by hand," we will prefer a more global approach: by a 2-pushout. 

For a thread quiver Q, denote by Qr the underlying "regular" quiver, thus where all the thread 
arrows are regular (and unlabeled) arrows. By kQr we will denote the normal fc-linear additive 
path category of Qr. 

Vt 

With every thread arrow t : Xt >-yt of Q, there is an associated functor k{xt yt) kQr 

— > 

and a functor k(xt — > yt) — > kCt where Ct — ^ ■ {Vt x Z) • — N as above. The semi-hereditary 
dualizing fc-variety kQ is then defined as a 2-pushout of 

©teo, ^ •) — A:g, 
9 
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effectively replacing the thread arrows in Q by the required linearly ordered posets. The classifica- 
tion of semi- hereditary dualizing A:- varieties is then given by the following theorem (Theorem l7.18l 
in the text). A thread quiver Q will be called strongly locally finite if and only if the underlying 
quiver Qr is strongly locally finite (i.e. the indecomposable projective and injective representations 
have finite dimension as A:- vector spaces). 

Theorem 1.2. Every semi-hereditary dualizing k-variety is equivalent to a category kQ where Q 
is a strongly locally finite thread quiver. 

An added advantage of the construction of kQ as a 2-pushout is that we gain the following 
description of the category rep^ Q = mod kQ: the objects of the category repQ are given by the 
following data 

(1) a finitely presented representation N{—) : kQr mod/c of kQr, 

(2) for every thread t, a finitely presented representation Lt{—) : Ct — > modfc, and 

(3) a natural equivalence a : (BtLt{g—) => N{f—). 

The morphisms are given by the modifications, thus given the data {N, {£*}*, a) and {N' , a') 
of two representations, a morphism is given by 

(1) a natural transformation /3 : N =^ N' , 

(2) a natural transformation 7 : (BtLt => (BtL'i 
such that the following diagram commutes. 

®tL't{g- 



■Nif-) 
N'{f~) 
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2. Preliminaries 

2.1. Notations and conventions. Throughout, we will always assume that k is an algebraically 
closed field. All considered categories will be assumed to be fc-linear unless explicitly mentioned. 
We will fix a Grothendieck universe U. All categories are assumed to be Z//-categories, i.e. all 
Horn-sets lie in U. We will say that a category is small when the objects form a set in U, and is 
skeletally small when the isomorphism classes form a set in U. 

When Vi,<i and 7^2, < 2 are posets, we will denote by Pi • 7^2, < the poset with underlying set 
Vi Y[ 'P2 and with a partial ordering < given by 

{a,b G Vi and a <i b 
a,b €7^2 and a <2 b 
a e Pi and be V2 

— > 

If Pi,<i and V2,<2 are posets, we will write Vi x V2,< for the partially ordered set with 
underlying set Vi x 1^2 endowed with the lexicographical ordering. 

When writing a poset we will usually repress the partial ordering, thus writing V instead of 
V,<. We will always interpret a poset as a small category in the usual way. 

Let C be a Krull-Schmidt category. By indC we will denote a set of chosen representatives of 
isomorphism classes of indecomposable objects of C. If C is a Krull-Schmidt subcategory of C, we 
will assume indC C indC. 

For X,Y e indC, we will denote for the full replete (^closed under isomorphisms) 

additive subcategory of C such that for all Z G indC, we have Z G ind[A', Y] -i^ C{X, Z) / and 
C{Z, Y) ^ 0. The subcategories \X, F[, \X, Y\ and \X, Y\ are defined in a straightforward manner. 
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2.2. Serre duality. Let C be a Horn-finite triangulated /c-linear category. A 5'erre /uncior 7 onC 
is an additive auto-equivalence S : C ^ C such that for every X,Y E Ob C there are isomorphisms 

Rom{X, Y) = Hom(r, SX)* 

natural in X and Y , and where (— )* is the vector-space dual. 

We will say C has Serre duality if C admits a Serre functor. An abelian category A is said to 
satisfy Serre duality when the bounded derived category D^A has Serre duality. 

2.3. 2-categories and 2-colimits. We will give a brief overview of the notation and terminology 
of 2-categories we will use. Our main references are [8j[T8]. Let Cot be the 1-category of all small 
categories, thus the objects are given by small categories and the morphisms by functors. 

A (strict) 2-category is a category enriched over (Tat, also called a Cat-category (see O 113]). 
Our main example will be fc2l£)£at, the 2-category of all small fc-linear additive categories: 

• the 0-cells are given by small fc-linear additive categories, 

• the 1-cells are the fc-linear functors, 

• the 2-cells are natural transformations. 

Composition of 1-cells are denoted by o. Following [14j[T8] we will write o for vertical composition 
of 2-cells and • for horizontal composition. We have the following equation 

(1) (7«(5)o(a«^) = (7oa).(5o/3) 

We proceed to define a 2-colimit over a 2-functor. 

Definition 2.1. Let I be a small 1-category. A (strict) 2-functor a : I fc2lf)£at is given by the 
following data: 

(1) a 0-cell a(i) of fcStOCat for every i G Obi, and 

(2) a 1-cell a(s) : a(i) -> a{j) of fcCat for every morphism s : i — j in I. 

such that a{li) = la(i) for all i £ Obi and a{t o s) ~ a{t) o a{s) for all composable morphisms 
s,t e Obi. 

Remark 2.2. A (strict) 2-functor is just a functor from I to the underlying 1-category of fcStOCat. 

Example 2.3. For every object C of fcStOCat, there is a 2-functor C : I — > fcSlOCat sending every 
object of I to C and sending every morphism of C to the identity on C. 

Definition 2.4. Let a, b : I ^ fcStOCat be two 2-functors. A 2-natural transformation f : a — > b 
between 2 diagrams consists of the following data: 

(1) a 1-cell fi : a{i) — b(i) of fcSlOCat for every i e Obi, and 

(2) a natural equivalence 9\ : b(s) o j^j — j^j o a(s) for every morphism s : i — >■ j in I. 



such that for any two composable morphisms s 
commutative diagram 

b{t O s) O j^j 



: i — !> J, i : J — fc in I, we have the following 

:b(i)ob(s)of, 

ii.(t)«el 

b{t) o fi o o(s) 

ffe o a{t) o a(s) 



Definition 2.5. Let o, b : I - 

mations. A modification A : f 



ffc o a{t o s) = 

fcStOCat be two 2-functors and f , g : o fa be 2-natural transfor- 
>■ Q consists in giving a 2-cell A^ : fi — > 0i for all objects i e I such 



that for all s : i — > J in I the following diagram commutes 



b(s)of. 



b(s) og, 
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Definition 2.6. The diagrams, 2-natural transformations, and modifications form a (strict) 2- 
category caUed 2 J" (I, fcSlOCat). 

We can now give the definition of a 2-cohmit. 

Definition 2.7. Let a : I — > fc2ll)£at be a 2-functor. We say a admits a 2-cohmit if and only if 
there exist 

(1) a fc-linear additive category 2colima, and 

(2) a 2-natural transformation u : a — > 2 colim o, 

such that for every category C the functor 

(— o (j) : Homfe2is(rat(2 colim a, C) Hom2jF(a,C) 
is an equivalence of categories. 

Remark 2.8. The fact that (— o a) is fully faithful can be restated as follows: Let f, g : a ^> C 
be 2-natural transformation and let A : f — > g be a modification. Let f,g:2 colim a — ?► C be two 
functors corresponding with f and g, respectively. Then there is a unique natural transformation 
a : f g such that the following diagram commutes. 

A, 

U *-0» 



We have the following result ([181 Theorem A.3.4]). 

Tileorem 2.9. Denote by Cat the 2-category of all small categories. Let X be a small 1-category, 
and a : I — > Cat a 2-functor. Then a admits a 2-colimit. 

One may construct this 2-colimit as follows. We start by constructing a category J^. a. We set 
Oh [ a={{i,X)\ieOhI,X eOh a{i)} = TT Ob a{i). 

and 

Hom((z, X), (j, Y)) = {(s, /) I s G X(s, t), f e Hom„(,) (a(s)(X), Y)}. 

The composition is defined as (i, g) o (s, /) = {tos,go a{t){f)). Note that for every i G ObT there 
is a natural functor a{i) — )■ a. 

We consider the set SS of morphisms of J^. a given by 

SS = {(s,/) : {i,X) (j,y) I / : a{s){X) -^Y is an isomorphism}. 

It is then shown that (/jo) [S'S'^^] together with the canonical functors a(i) — s> (/jo) [•S'S'^^] 
is a 2-colimit of a. 

2.4. Free categories. A quiver Q is a pair {Qq,Qi) consisting of a small set Qq of vertices and 
a small set Qi of arrows between the vertices such that between two elements of Qq, the set of 
arrows is a small set. Note that we allow multiple arrows and loops. A map / : Q — > Q' between 
quivers consists of a map /o : Qo ^ Qo of objects and a map /i : Qi Q[ of arrows such that 
fi{A — ^ B) is an arrow from fo{A) to fo{B). 

We will say a quiver is finite if both Qq and Qi are finite. A quiver Q is locally finite if every 
vertex is incident to only a finite number of arrows and Q is said to be strongly locally finite if it 
is locally finite and has no infinite paths of the form •—;>•—)■••• or---— s>». 

Equivalently, a quiver is strongly locally finite if and only if all indecomposable projective and 
injective representations have finite length. 

A commutativity condition on a quiver is a pair of oriented paths, both starting in the same 
vertex and ending in the same vertex. 
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We write £onc)0uioer for the category whose objects are given by quivers with a set of commu- 
tativity conditions and whose morphisms of are given by morphisms of quivers Q ^ Q' mapping 
a commutativity condition of Q to a commutativity condition of Q' . 

Let Cat be the strict 1-category of small categories and functors. There is an obvious (faithful) 
forgetful functor Cat ConOOuiOer admitting a left adjoint Free : ConOQuiOer Cat (see [H 
Proposition 5.1.6]). For a quiver Q, the category FreeQ is called the free category or the path 
category of Q. 

Let fcCat be the 2-category of fc-linear categories, fc-linear functors, and fc-linear natural trans- 
formations. There is an obvious forgetful 2-functor fcCat — ?> Cat forgetting the fc-linear structure. 
This functor admits a left adjoint Cat — > fcCat (IHlin]). 

The embedding 2-functor fcStOCat — ?■ fcCat from the 2-category of small fc-linear additive cate- 
gories to the 2-category of small fc-linear categories also has a left adjoint fcCat — J> fcSlOCat given 
by formally adding biproducts. 

Thus the forgetful 1-functor fcSlOCat — ?> ConOOuioer has a left adjoint. With a slight abuse of 
notation, we will write this left adjoint as fc : ConOOuiDer fcSlOCat, thus if Q is a quiver, kQ is 
a fc-linear additive category. 

2.5. Representations of preadditive categories. Let a be a small preadditive category. A 
right a-module is a contravariant functor from a to Mod fc, the category of all vector spaces. The 
category of all right a modules is denoted by Mod a. 

If / : a — ?> b is a functor between small pre-additive categories then there is an obvious restriction 
functor 

(-)c : Mod(b) ^ Mod(a) 
which sends N to N o f. This restriction functor has a left adjoint 

b - : Mod(a) ^ Mod(b) 

which is the right exact functor which sends the projective generators a{~,A) in Mod(a) to 
b(-, f{A)) in Mod(b). As usual if / is fully faithful we have (b (g)„ N)^ = N. 

Let M be in Mod(a). We will say that M is finitely generated if M is a quotient of finitely 
generated projectives. We say that M is finitely presented if M has a presentation 

p g A/ 

where P, Q are finitely generated projectives. It is easy to see that these notions coincides with the 
ordinary categorical ones. The full subcategory Mod a spanned by the finitely presented modules 
will be denoted by mod a. If mod a is an abelian category, we will say a is coherent. 

Dually we will say that M is cofinitely generated if it is contained in a cofinitely generated 
injective. Cofinitely presented is defined in a similar way. 

The categorical interpretation of the latter notions is somewhat less clear. However if a is Horn- 
finite then both finitely and cofinitely presented representations correspond to each other under 
duality (exchanging a and a°). 

It is well-known that a is coherent if and only if it has pseudokernels, i.e. if for every morphism 
A B in a there is a morphism K A such that 

a{~,K)^a{-,A)^a{-,B) 

is exact. Pseudocokernels are defined in a dual way. 

With every object A of a, we may associate a standard projective a(— , A) and a standard injective 
a{A, — )*. It is clear that every finitely generated projective is a direct summand of a standard 
projective. If a has finite direct sums and idempotents split in a, then every finitely generated 
projective is isomorphic to a standard projective. Dual notions hold for injective objects. 

We will say a map A — _B in a is a radical morphism if there are no maps X ^ A and B ~^ X 
such that the composition 

X ^ A^ B ^ X 

is an isomorphism, where X is not zero. The set of all radical maps in a(A, B) is denoted by 
rad(A, B)\ it is a subspace of a(A, B). 



REPRESENTATIONS OF THREAD QUIVERS 



7 



With an indecomposable object A G ind a, we may associate in a straightforward way the 
standard simple object Sa as a(— , A)/ rad(— , A). 

3. PREADDITIVE SEMI-HEREDITARY CATEGORIES 

We say that a smaU preadditive category o is semi-hereditary if the finitely presented objects 
mod(a) in Mod(a) form an abelian and hereditary category. The following proposition ([1Z|, see 
also [3, Theorem 1.6]) makes it easy to recognize semi- hereditary categories in examples. 

Proposition 3.1. Let a be a small preadditive category, then a is semi-hereditary if and only if 
any full subcategory of a with a finite number of objects is semi-hereditary. 

Lemma 3.2. Let b — )■ c &e a full embedding of preadditive categories. Then c (8)b — : mod(b) — )■ 
mod(c) is fully faithful. 

Proof. This may be checked on objects of the form b(— , B) where it is clear. □ 

Since (c ®f, — , (— )[>) is an adjoint pair, if follows from this lemma that (c ®b —)b is naturally 
isomorphic to the identity functor on mod(b). 

The following result is a slight generalization of 3, Proposition 2.2]. 

Proposition 3.3. Let b — > c 6e a full embedding of semi-hereditary categories. Then the (fully 
faithful) functor c (>5b — ■ mod(b) mod(c) is exact. 

Proof. Let M G mod(b) and consider a projective resolution ^> Pi A Pq ^ A/ — > in mod(fa). 
Then Pi is a direct summand of some ©"^]^b(— , Put K = ker(c (Efb 0). Then i^T is a direct 
summand of c (g)b Pi (since c is semi- hereditary) and Kh — (since 9 is injective). 

Assume K is non-zero. Since is a direct summand of c (E>b Pi we obtain a non-zero map 
c ®b -Pi K and hence a non-zero map ®"^^c(— ,Pi) — > K and thus ultimately a non-zero 
element of some K{Bi), contradicting the fact that — 0. 

Thus K = 0. If we denote the left satellites of c ®b — by Torj''(c, — ) then we have just shown 
that Tor,^(c, — ) = for i > 0. Hence c (X)b — is exact. □ 

4. Dualizing /c-varieties 

We recall some definitions from OH]. A Hom- finite additive fc-linear category where idempo- 
tents split is called a finite k-variety. Such a finite fc-variety is always Krull-Schmidt. 

Denote by Modifd o the abelian category of locally finite dimensional right a-modules, thus the 
full subcategory of Mod a spanned by all contravariant functors from a to mod k. Note that an 
additive fc-linear category where idempotents split is a finite fc-variety if and only if every standard 
projective and standard injective lies in Modifd fl- 

Let a be a finite fc-variety. There is a duality D : Modifd ci Modifd tt° given by sending a 
module M £ Ob Modifd a to the dual D{M) where D{M){x) = Homfc(M(a:), fc) for all x & a. 

If this functor induces a duality D : mod o — >■ mod a° by restricting to the finitely presented 
objects in Modifd then we will say that a is a dualizing k-variety. 

The following theorem is a reformulation of [2] Theorem 2.4]. 

Proposition 4.1. Let a be a finite k-variety, then a is a dualizing k-variety if and only if 

(1) a has pseudokernels and pseudocokernels, and 

(2) every standard projective is cofinitely presented and every standard injective is finitely 
presented. 

Proof. Assume a is a dualizing fc-variety, so that there is a duality D : mod a mod a° . Since 
mod a° is a right exact subcategory of Modifd o° , we know that mod o is a left exact subcategory of 
Modifd fl- Hence mod a is closed under kernels and we deduce that a has pseudokernels. Likewise, 
one shows that a° has pseudokernels or, dually, that a has pseudocokernels. 

Let / be a standard injective in Modifd a, so that DL is a standard projective in Modifd a°. We 
then know that DI G Obmoda° and thus by duality / G Ob mod a so that / is finitely presented. 
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Let P be a standard projective in mod a. Since D induces a duality between mod o and mod a°, 
we know that DP is an object in moda°, hence finitely presented. Taking the vector space dual 
of a projective resolution in mod a° yields an injective resolution in mod a. We obtain that P is 
cofinitely presented. 

For the other direction, let X g mod o° . Since X is finitely presented, the dual DX G Moditd a 
is cofinitely presented, thus there is an exact sequence 

^ DX ^ I A J 

in Modifd o. By assumption o has pseudokernels such that mod o is an exact subcategory of 
Modifd a. It now follows that DX G mod a so that the functor D : Modifd a° — > Moditd o restricts 
to a functor D : mod a° — > mod a. 

Similarly, one shows that there is a functor D : mod a moda° and since D^ = 1, these are 
equivalences. This shows that a is a dualizing /c- variety. □ 

Remark 4.2. It follows from the proof of Proposition HT] that every object in the abelian category 
mod a has a resolution by objects of P and a resolution by objects of I. 

Remark 4.3. If a is a dualizing /c-variety, then both mod a and moda° are abelian. 

Observation 4.4. (1) If Q is a strongly locally finite quiver (i.e. all the standard projectives 
are finitely generated and all the standard injectives are cofinitely generated) then the 
fc-linear path category kQ of Q is a semi-hereditary dualizing fc-variety. 

(2) Let a be a dualizing fc-variety, then mod a is also a dualizing fc-variety ([21 Proposition 
2.6]). 

(3) Let a be a triangulated finite fc-variety with Serre duality, then a is a dualizing fc-variety. 
The pseudokernels and pseudocokernels are given by the cones, and Serre duality shows 
that the category of standard injectives and the category of standard projectives are 
equivalent. (Moreover, a triangulated finite fc-variety is a dualizing fc-variety if and only 
if it satisfies Serre duality [12l Proposition 2.11]) 

(4) It follows from [4] that any functorially finite full subcategory fa of a dualizing subcategory 
a is again dualizing. This is the case when, for example, the full embedding fa — > a admits 
a left and a right adjoint (cf. Proposition 15. ip . 

Example 4.5. Let A2 be the quiver ■ -> •, then the categories kA2, modfcA2, and D^ modkA2 
are dualizing fc- varieties. 

Example 4.6. The category cohP^ is not a dualizing fc-variety since the standard projective 
module IIom(— , Opi ) S mod(cohP-'^) is not cofinitely generated. However, D^'cohP^ has Serre 
duality and is thus a dualizing fc-variety. 

The next theorem is the main result of this section (compare with [TOl Theorem 3.5] and [TTJ 
Theorem 1.4]). 

Theorem 4.7. Let a be a finite k-variety. The following are equivalent: 

(1) mod a is abelian and has Serre duality, 

(2) o is a dualizing k-variety and every object of mod a has finite projective and finite injective 
dimension. 

Proof. We denote by P and I the full additive subcategories of Mod o generated by the standard 
projectives and standard injectives, respectively. 

First, assume o is a dualizing fc-variety and every object of mod a has finite projective and 
finite injective dimension. In this case, the canonical embeddings K^P — > D'' Modifd fl and K^X — >■ 
D'' Modifd a induce equivalences of K''P and K''! with D'' mod o. Let N : K''P K'^I be the 
equivalence induced by the Nakayama functor "P — >• I given by sending a{—,A) to a{A, —)* . We 
define an auto equivalence § : D^ mod a — >■ mod a by 

S : D^ mod 5^ K'^P ^ K^X ^ D^ mod a. 
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Every X,Y G mod a correspond to bounded complexes of projectives in K'^V and in order to 
show S is a Serre functor we may reduce to the case where X = o( — , A) and Y ^ o(— , i?). The 
required isomorphism 

Hom(a(-, A), a(-, B)) = Hom(a(-, B), a(A, -)*)* 

foUows from the Yoneda lemma. 

For the other direction, we assume mod a is abelian and has Serre duality. For A,Bg Ob mod a, 
we have Extl^^^ ^{A, B) = Hom^it ^0^0(^1 ^W) — ^omj^b ^-^^^^{^[1], FA)* such that Exf{A,-) 
can only be nonzero for finitely many i's. This shows that every object has finite projective 
dimension. Likewise one shows every object has finite injective dimension. 

Since every object of mod a has a finite projective resolution, the natural embedding K^V 
mod a is an equivalence. There is an equivalence i : K^I D'' mod o given by the composition 

K''I ^ K''r = D'' mod a^D'' mod a 
where S is a Serre functor on D'^ mod a. Since the isomorphisms 

Hom£,6,„oda(a(-,^),a(^, -)*) = Hom^,;, „,od a(a(-> -)*) 

are natural in A,B e Ob a, the Yoneda lemma implies that i : K^I — ^ D'^ mod a is naturally 
equivalent to the canonical embedding. This shows that every object of mod o has a finite 
resolution by standard injectives. 

Since mod a is abelian, o has pseudokernels. The canonical embedding K^I — > Modifd o 
induces an equivalence with mod a, and thus o has pseudocokernels. Proposition 14.11 yields 
that a is a dualizing fc-variety. □ 

Corollary 4.8. Let a he a finite k-variety. The category mod a is abelian, hereditary, and has 
Serre duality if and only if a is a semi-hereditary dualizing k-variety. 

Remark 4.9. The following example shows that there are dualizing fc- varieties o such that niodo 
has infinite global dimension but mod a still has Serre duality. 

Example 4.10. Let Q be an A^ quiver with zig-zag orientation where every zig has one more 
arrow than the preceding zag, labeled as in Figure [5J We define a relation on Q by requiring the 
composition of any two arrows to be zero. The associated additive category b is a dualizing fc- 
variety by Proposition 14. II Since every object of mod b has finite projective dimension, Theorem 
14.71 yields that mod b has Serre duality. However, denoting by S{v) the simple representation 
associated with the vertex v G Q, we see that the projective dimension of S{al) is i so that the 
global dimension of mod b is infinite. 




Figure 2. 

Remark 4.11. The category modb is piecewise hereditary. Indeed, let a — kQ (thus disregarding 
the conditions on the arrows in Example I4.10p then one may define a functor by 

i : a mod b 

a] ^ S{ai)[-j] 

b) ^ S{h))[-3] 



10 



CARL FREDRIK BERG AND ADAM-CHRISTIAAN VAN ROOSMALEN 



The essential image of i forms a partial tilting set ([17 ) in D^'modb and hence lifts to a fully 
faithful and exact functor i : mod a ^ D'' mod b. Since a generates mod b as a triangulated 
category, i will be an equivalence of triangulated categories. 

Example 4.12. Let Q be an A"^ quiver with linear orientation. We put a relation on Q by 
requiring that the composition of any two arrows is zero. The associated category kQ is a clearly 
a dualizing /c- variety (it is equivalent to the category D'' modkA2 from Example 14. 5|) . 

Since all indecomposables of mod kQ are either projective-injective or isomorphic to a standard 
simple, it is easy to check that mod kQ has left and right almost split sequences, but Theorem 14. 71 
shows that D'' mod kQ has no Serre functor since every standard simple representation has infinite 
projective dimension. 

Remark 4.13. As in Remark 14. 11[ one shows that the category modkQ from the previous example 
is piecewise hereditary. Here mod kQ is derived equivalent to mod kA'^ where A'^ has linear 
orientation. 

Let a be a finite /c-variety, and A an indecomposable object in o. A map f : A M is called 
right almost split if every nonsplit map A ^ B factors through /. Dually, a map g : N A is 
called left almost split if every nonsplit map B ^ A factors through g. 

We will say a finite A:-variety a is locally finite and locally discrete if every indecomposable 
object ^ of a admits a right almost split map A —i' M and a left almost split map N A. 

Example 4.14. Let Q be a finite quiver. The path category kQ is locally discrete and locally 
finite. 

Example 4.15. Let V be the poset N • {+cxd}. We may draw the Auslander-Reiten quiver of kV 
as 

^ 1 ^ 2 3 +00 

It is clear that kV is not locally discrete since there is no left almost split map N — > (+00). Not 
that +00 is an accumulation point of V. 

We now give an equivalent formulation of these properties. 

Proposition 4.16. A finite k-variety is locally finite and locally discrete if and only if all standard 
simples of a are finitely presented and cofinitely presented. Furthermore, every dualizing k-variety 
is locally finite and locally discrete. 

Proof. Assume a is locally finite and locally discrete. For an indecomposable A e ind a, let N A 
be a left almost split map which gives rise to a map in mod a 

a(-,iV) ^a(-,A). 

of which the cokernel is the standard simple Sa- Dually, one shows all standard simples are 
cofinitely presented. 

Next, assume all standard simples are finitely and cofinitely presented. We prove that every 
indecomposable A £ ind a admits a left almost split map N ^ A, for a certain object N G Ob a. 
Consider a presentation of Sa 

Q ^a{-,A) ^ Sa^O. 

We may write the projective Q as a(— , N) and, since Sa — a(— , A)/ rado(— , A), the induced map 
N ^ A is left almost split. Dually, one proves a A admits a right almost split map A M. 

For the last part, let a be a dualizing fc-variety and let A G Ob a be an indecomposable object. 
Denote by Sa 6 Ob Modifd o the associated standard simple representation. We know there is an 
epimorphism a{—,A) — ^ Sa in Moditd a and, since DSa is a simple object in Modifd a, there is 
an epimorphism a{A, — ) DSa in Modifd ci°- Applying D yields that Sa is the image of a map 
/ : a(— , A) — >• a{A, —)*. Proposition 14. 1 1 vields that ker/ G mod a. 

There is now a short exact sequence — > /"iT — > o(— , A) ^ Sa ~^ which shows Sa G Ob mod a. 

□ 

Remark 4.17. That all standard simples representations of a dualizing fc-variety are finitely pre- 
sented, has already be shown in (3] Proposition 3.2]. 
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5. (Co) REFLECTIVE SUBVARIETIES 

Recall that a full replete (^closed under isomorphisms) subcategory of a category is called 
reflective or coreflective if the embedding has a left or a right adjoint, respectively. 

In this section we will consider such reflective and coreflective subcategories of finite fc- varieties. 
These subcategories occur often in the semi-hereditary case (Proposition 15. 2p and the following 
proposition show they preserve the properties we are interested in. 

Proposition 5.1. Let a he a dualizing k-variety, h a finite k-variety, and i : h ^ a a full 
embedding admitting a left adjoint i^ and a right adjoint i^. Then b is also a dualizing k-variety. 
Furthermore, if (the abelian category) modo satisfies Serre duality, then so does modb. 

Proof. Let Bi B2 he a. map in b. Let K,C £ Oh a be a pseudokernel and pseudocokernel of 
the map iBi iB2 in a, respectively. It is easily checked that inK is a pseudokernel and iiC is 
a pseudocokernel of Bi B2. 

Let B G Obb and let a{—,Ai) — > a{—,Ao) — > a{iB,—)* — > be a projective resolution in 
mod a, then b{— ,iiiAi) b{—,iiiAo) b{B,—)* ^ is a projective resolution in modb. This 
shows that every standard injective in mod b is finitely presented. Likewise, one shows that every 
(standard) projective in b is cofinitely presented. Proposition 14.11 yields that b is a dualizing 
fc-variety. 

Assume now furthermore that mod a satisfies Serre duality. By Theorem 14. 7[ it suffices to show 
that every object of mod b has finite projective and finite injective dimension. Thus consider an 
M G mod b and assume a projective resolution of a ®ti M is given by 

a(-, An) • ■ • ^ a(-, Ai) a(-, A^) a®t M 0. 

Restricting this to b and using that (a —)b is equivalent to the identity functor on modb, we 
find 

^ b(-, inAn) > b(-, iuAi) b(-, inAo) ^ M 

such that M has finite projective dimension. Analogously, one shows that every object in mod b 
has a finite resolution by standard injectives. □ 

The following proposition gives some examples of reflective and/or coreflective subvarieties. 
Proposition 5.2. Let a be a semi-hereditary finite k-variety. 

(1) Let Z be a set of objects o/moda such that ^2g2dimZ(j4) < 00 for all A £ Ob a and 
Ext'(Zi, Z2) = for all ^1,^2 G Z. Defi ne a full subcategory aj-z of a given by 

B e a^z e Z : Z{B) = 0. 

The embedding i : a± z ^ ^^.^ right adjoint. 

(2) Let Y G inda. The embedding supp(— ,y) — > o has a left adjoint. 

(3) Let A", y G inda. If a is a dualizing k-variety, then the embedding [X,Y] — > a has a left 
and a right adjoint. 

Proof. (1) We start by deflning the left adjoint il : a — s> b. Let Ai — > be a map in a and 
consider the following commutative diagram with exact rows 

a(-, A[) a{-,A,) ®zez Hom(a(-, Ai), Z)* ®k Z 

I 
I 

y \ 

a(-, A'2) a(-, A2) ®zez Hom(a(-, A2), Z)* ®fe Z 

Note that both ®zez Hom(a(-, Ai), Z)* ®k Z and ®zez Hom(a(-, A2), Z)* ®k Z lie in 
mod a (since J^zez '^^'^ ^i^) < °° fo'" A G Oba) and that Z{A[) = ZiA^) = for aU 
Z e Z (since Ext^(Zi, Z2) = for aU Zi, Z2 G Z) so that A[,A'2 G Ob b. 

Since the kernel, the Yoneda embedding, and the tensor product are functorial, it is 
easy to see that the correspondence from Ai A2 to A[ — > A2 is functorial. It is readily 
checked that this functor is right adjoint to the embedding. 

The left adjoint is defined in a dual way. 
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(2) For every object A e Ob a, consider the canonical map : a{~,A) a{~,Y) (g) 
Hom(A, ¥)* . Since mod a is hereditary, the image im /a is a representable functor. Choose 
an object A' € Obo such that im/yi = a{—,A'). 

Let A — > _B be a map in o. The following commutative diagram 



a(-,A) 



-,r) «)Hom(A,r)* 



a(-,r) (g)Hom(B,y)' 



(3) 



a{-,A') 
I 
I 

Y 

a(-,B') 



ai-,B) 

gives a map a{—,A') — > a(— ,5'). The objects A' and i?' lie in suppa(— ,F) and the 
correspondence A B to A' ^ B' is functorial. It is readily checked that this defines a 
left adjoint : a — J> supp a(— , Y) to the functor i. 

We will only prove the embedding has a left adjoint; the right adjoint is dual. Let a(— , Z) 
be a kernel of the canonical map a(— , Y) a{X, — )* ® a{X, Y). We show that for any 
A G suppa(— ,F) we have A £ suppo(X, — )* if and only if a{A, Z) = 0. Note that by 
construction of Z we already have that a{X, Z) = 0, so that a{A, Z) implies that 
A ^ suppa(X, — )*. For the other direction: if a{A, Z) — then the exact sequence 
a(-, Z) a(-, Y) a{X, -)* (g) a{X, Y) shows that A € supp a{X, -)*. 

By applying the first part of this proposition, we know that [X, Y] — > supp o(— , Y) has 
a left adjoint. The second part of the proposition implies suppa(— ,F) a has a left 
adjoint. This proves the final statement. 

□ 



The following example shows that the conditions in the first statement of Proposition 15.21 are 
necessary. 

Example 5.3. Let £ = N • — N. By choosing Z ~ {Zi}i^fi where 

(1) Z, = kC{-, t), 01- 

(2) Zi = Si, where Si is the simple representation associated with i £ N 

we find an associated subcategory b — kC^z such that the natural embedding h ^ kC does not 
have a left adjoint. Here the subcategory b is generated by — N. 



Propositions 15 . 1 1 and 15 .21 will be used in the next section to deduce properties of semi- hereditary 
dualizing fc-varieties. We will give two examples to illustrate their use; a rigorous treatment follows 
in Proposition 16.21 



Example 5.4. Let a be the semi-hereditary finite fc-variety whose Auslander-Reiten quiver is 
given by 



X 



Y 



By removing ]X, y[ as in the first part of Proposition 15.21 we get a semi- hereditary finite 
fc-variety with Auslander-Reiten quiver 



which is clearly not locally discrete. We conclude that a was not a dualizing A;-variety. 
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Example 5.5. Let a be the semi- hereditary finite fc- variety whose Auslander-Reiten quiver is 
given by 

X — ^ — *- ^ — *-y 



Again we remove ^[ as in the first part of Proposition 15.21 and obtain a semi-hereditary finite 
/c- variety with Auslander-Reiten quiver 




which is not locally finite. Indeed the simple representation Sx is not cofinitely presented. Again 
we conclude a is not a dualizing A:- variety. 



6. Threads 



Let a be a semi-hereditary dualizing A;- variety. Recall from Proposition 14.161 that every inde- 
composable object A S Ob a admits a right almost split map A — >■ M and a left almost split map 
N ^ A. Examples 15.41 and 15.51 show that most indecomposables lying in a convex subcategory 
should be -in some sense- nicely behaved. To make this rigorous, we introduce threads and thread 
objects. 

Definition 6.1. If a is a semi-hereditary dualizing /c-variety, an indecomposable object X G indo 
will be called a thread object if X has a unique direct predecessor and a unique direct successor, 
or equivalently, there is a right almost split map X AI and a left almost split map N ^ X 
where M and are indecomposable. In this case, we will denote the representatives of M and N 
in inda by X~^ and X~, respectively. 

For X,Y e ind o, the subcategory [X, Y] will be called a thread if every indecomposable object 
in [X, Y] is a thread object in a. A thread is called maximal if it is not a proper subset of another 
thread. It is called infinite if it contains infinitely many nonisomorphic indecomposables. 

An indecomposable object which is not a thread object is called a nonthread object. 

Proposition 6.2. Let a be a semi-hereditary dualizing k-variety, and X,Y, Z G inda, then 

(1) suppa(Ar, — )* and swpp a{—, X) have only finitely many nonthread objects. 

(2) if[X,Y] is a thread, then dima{X,Y) = 1, and 

(3) if [X,Y] and [X,Z] are threads, then either [X,Y] C [X,Z] or [X,Z] C [X,Y]. 

Proof. (1) It follows from Proposition l4. II that a(— , X) is cofinitely presented. Since a is semi- 
hereditary, we see that suppa(— , AT) has only finitely many nonthread objects. The other 
case is dual. 

(2) Write V = a{X, Y)* and consider the canonical map a(— , Y)(E)kV ^ fl(A, — )* with image 
F G mod 0. We have the following short exact sequences 



(2) 



0- 



-a(-,A)- 



-a{-,Y)(g,V- 



-F- 



-0 



(3) ^F ^a(A,-)* ^o(B, -)* ^0 

It is clear that every direct summand of A maps nonzero to Y. Furthermore, from the 
second short exact sequence we obtain dimi^(A) = 1 so that dimV > 1 would imply 
dim a{X, A) ^ 0. Thus at least one indecomposable direct summand A\ of A lies in 
[A, y[, hence A\ is a thread object with direct successor AX G ind]A,y] C inda. It 
follows from the first short exact sequence that dimF(yli) < <^\m.F(^A\). 

However, applying IIom(a(— , F), — ) to the sequence Q yields a(i?, F) — 0. In particu- 
lar, since a is semi-hereditary, we have for every Z G [A, Y\ that dim a(i?, Z) = and thus 
dimi^(Z) = dima(A, Z). We find dima(A, Ai) < dim a(A, Aj*"), a contradiction since a 
is semi-hereditary. 
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(3) Let i : [X, F] — > o be the natural embedding. By Proposition 15.21 we know that the 
embedding has a right adjoint i/j : a — > [X, Y] . Let A be an indecomposable direct 
summand of iji{Z). 

liA'^Y, then a{Y, Z) ^ Q so that [X, Y] C [X, Z\. 

Therefore, we will assume that A Y and show that iA = Z. In this case, we 
have j4+ G ind[X, F]. Since A — > yl+ is left and right almost split, we know that 
dima{iA, Z) = dima{iA'^ , Z) if Z ^ iA. Using adjointness, we find dimHom(A, z/jZ) = 
dimHom(A+, irZ). This last statement is impossible since A is sl direct summand of ijiZ . 
We find that iA = Z and thus a(Z, Y) ^ 0. We conclude that [X, Z] C [X, Y] 

□ 

Corollary 6.3. Let a be a semi-hereditary dualizing k-variety. Every thread [X, Y] is equivalent 
to kC for a linearly ordered locally discrete poset C with a maximal and a minimal element. 

Proof. Write b = [X, Y] and let C = md[X, Y]. We define a poset structure on £ by 

A<B-^ a{A,B) =i 0. 

It follows from Proposition 16.21 that < is a linearly ordered locally discrete poset with unique 
minimal and maximal element. We will define a functor kC ^ b as follows. For every A Cz b, 
choose a nonzero element bx,A G a{X,A). 

For every A, B G ind b with b{A,B) ^ 0, this gives a unique element hA,B G K^:-^) with 
bx.B = bx,A o bA,B- 

The functor kC — > b, which is the identity on objects and sending {A,B) G kC{A,B) to 
bA.B G ^i^iB), is fully faithful and essentially surjective, and hence an equivalence. □ 

Corollary 6.4. A connected semi-hereditary dualizing k-variety has only countably many sinks 
or sources. 

Corollary 6.5. Let a be a semi-hereditary dualizing k-variety, and let [X, Y] be an thread. Lf 
Z G ind o does not lie on [X, Y] , then every map f : X ^ Y factors through a nonzero map 
X Y+. 

Proof. Let b be the full subcategory of o generated by objects not supported on [^,1"]. By 
Proposition [521 the embedding i : b a has a left adjoint : o b. 

Using Proposition l6.21 it is straightforward to check that i^X = Y^ and dimIIom(X, F+) = 1. 

For a Z G b, every morphism in IIom(X, Z) factors through ri{lx) G IIom(i o i^X, Z) where 
rj : 1— )-ioz^ is the unit of the adjunction {iL,i). □ 

Corollary 6.6. Every thread in a semi-hereditary dualizing k-variety lies inside a maximum 
thread. 

Proof. Let [X, Y] be a thread in a semi-hereditary dualizing A:- variety a. Since a(— , Y) is cofinitely 
presented, there is at least one sink S with a{S,Y) ^ such that suppo(— ,F) has nonthread 
objects. 

By Proposition 16.21 there are only finitely many nonthread objects in suppo(— ,F) and by 
Proposition 13.11 there are no cycles. We can thus find a nonthread object Z G suppa(— ,y) such 
that Z is the only nonthread object in [Z,Y]. Write Z+ = X' . It follows from Proposition 16.21 
that is a thread containing [X, y]. 

Dually, one finds a thread object object Y' such that [X', Y'] is a thread containing [X', Y] and 
such that Y'^ is a nonthread object. The thread [X', Y'] is the required maximal thread. □ 

Proposition 6.7. Let a be a semi-hereditary dualizing k-variety and let {[Xi,Yi\}i^i be a set of 
maximal threads. Let b be the full subcategory of a consisting of all objects without direct summands 
in one of these threads. Then b is a semi-hereditary dualizing k-variety and the embedding i : b — >■ a 
has both a left and a right adjoint. 

Proof. By Propositions 13.11 and 15.11 it suffices to show i has both a left and a right adjoint. 
Proposition 16.21 yields these threads are supported by disjoint subsets of ind a so that we may 
invoke Proposition [521 finishing the proof. □ 
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Figure 3. An example of a thread quiver (left) and the underlying quiver (right) 



7. Classification by thread quivers 

Proposition 7.1. Let a be a semi-hereditary dualizing k-variety such that [X,Y] is finite for all 
X,Y inda. Write Q for the Auslander-Reiten quiver of a, then a is equivalent to kQ. Moreover, 
Q is a strongly locally finite quiver. 

Proof. For every two indecomposables A, B G ind a, we will choose dinifc Irr(A, B) linearly inde- 
pendent irreducible maps A ^ B. This gives a map / : Qo ^ Mora, mapping the arrows in Q to 
the chosen irreducible maps in a. 

Let A, _B e ind a. Since every interval [A, B] is assumed to be finite and no object in a has 
nontrivial endomorphisms, every map A — > _B is a linear combination of compositions of chosen 
irreducible maps. 

There is an obvious functor F : kQ — > a which is fully faithful and essentially surjective. □ 

The previous proposition does not hold without the assumption on the intervals [X, Y] . How- 
ever, in the case of dualizing fc-varieties, these intervals are nicely behaved fProposition 16.2) ) such 
that an analogue of Proposition l7.1l mav be proven without any assumption on the intervals [X, Y], 
by replacing the quiver Q by a thread quiver. 

A thread quiver consists of the following information: 

• A quiver Q = {Qo, Qi) where Qo is the set of vertices and Qi is the set of arrows. 

• A decomposition Qi ^ QsWQt- Arrows in Qs will be called standard arrows^ while arrows 
in Qt will be referred to as thread arrows. 

• With every thread arrow a, there is an associated linearly ordered set Ta, possibly empty. 

In drawing a thread quiver (cf. Figure [3]), standard arrows will be represented by • 

while thread arrows will be drawn as • >-• labeled by the corresponding ordered set T. If 

T = {1,2,3,..., n} with the normal ordering, then we will only write n as a label; if T = 0, then 
no label will be written. 

Every thread quiver Q has an underlying quiver where there is no distinction between the 
standard and the thread arrows, and where all arrows are unlabeled. To avoid confusion, we will 
refer to this underlying quiver by Q^. 

Starting from a semi-hereditary dualizing /c-variety, we will associate a thread quiver in the 
following way. 

Construction 7.2. Let a be a semi-hereditary dualizing fc-variety. Let {[A"i, y^Jlig/ be the set 
of all maximal infinite threads in a. The full subcategory of a consisting of all objects which are 
not supported on IJ -^^ ind[A'i, Y^] is called b. By Proposition 16. 7| this is again a semi-hereditary 
dualizing fc-variety. Proposition 17.11 vields b = kQr for a strongly locally finite quiver Q^. 

According to CoroUarv 16. 3[ every thread [X^jFj] C indo corresponds to a poset of the form 

N • (T X Z) • — N where T is a linearly ordered set. We will replace one arrow from X~ 

in Qr by X- T...^Y+ . 

Example 7.3. Let £ = N ■ (7~ x Z) • — N, then the thread quiver associated with kC is 

r 



Given a thread quiver Q, we will construct an associated semi-hereditary finite fc-variety. 
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Construction 7.4. Let Q be a thread quiver witli underlying strongly locally finite quiver Qr- 
With every thread t £ Qt, we denote by /* : k{- — > •) — 5- kQr the functor associated with the 
obvious embedding (•—>■) — > Qr- We define the functor 

/ : fc(. ^ .) ^ fcQr. 

teQt 

With every thread t, there is an associated linearly ordered set %■ We will write Ct —f^- {Tt x 
Z) ■ — N and denote by 

gt : k{- ^ •) ^ kCt 

a chosen fully faithful functor given by mapping the extremal points of • — >■ • to the minimal and 
maximal objects of £, respectively. We will write 

5 : M- ^ •) ^ kU 
teQt teQt 

We define the category kQ as a 2-pushout in fcSlDCat of the following diagram. 

I 

I i 

®teQ, k^t - -- - kQ 

Remark 7.5. The above 2-pushout does indeed exist since 2-colimits exist in the 2-category Cot 
and the functor k : €ai fc2li)£at has a right adjoint (cf. 



Remark 7.6. Given a thread quiver Q, Construction [7]4] will define kQ only up to equivalence. 
Example 7.7. Let Q be the thread quiver given by 

r 

>- . 

— » 

The associated finite fc- variety is equivalent to k{N • T x Z • — N). 

Remark 7.8. Different thread quivers Q,Q' may give rise to equivalent categories kQ and kQ' as 
shown in the following example. 

Example 7.9. The following three thread quivers give rise to equivalent categories. 



Observation 7.10. The functors /* have left adjoints (denoted by fj^) and right adjoints (denoted 
by f^). The induced functors 

hjR-.kQr—^ ^k{--^.) 

t£Qt 

are left and right adjoints for /, respectively. 

Similarly, the functors gt have left adjoints (denoted by g\^) and right adjoints (denoted by g^, 
giving rise to the functors 

gL,gB.: fc/:* ^ fc(. ^ •) 

teQt teQt 

which are then left and right adjoints for g, respectively. 

The functor g is fully faithful and its adjoints gL and ga are faithful. Note that /* will always 
be faithful, but in general not full. Its adjoints fj^ and are in general not full nor faithful. 

Example 7.11. The functor /* is not full when Q is given by the following thread quiver. 
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In what follows it will be convenient to assume the functors /* are fully faithful. For this we 
will use the following lemma. 

Lemma 7.12. Let Q be a thread quiver. There is a thread quiver Q' such that 

(1) kQ ^ kQ', and 

(2) the functors /'* : fc(- — > ■) — > kQ'^ from Construction \ 7.4\ are fully faithful. 

Proof. Define a thread quiver Q' by replacing all thread arrows x ■>■ y in the thread quiver 

Q hy X s- ^ o- ■ ^ y . Since the associated functors /'* : fc(- — > ■) — > kQ'^ are fully 

faithful, we need only to prove kQ = kQ' . 
We start by defining a 2-pushout 

©teQj Kat ^ht^ct^ dt) kQ', 

I 
I 

Y 

®teQi 

in A;2l0£at where the maps are given by the following descriptions. The functor /i*, for each thread 

t : Xt ■>■ yt in Q' , is given as a faithful functor which maps bt and Ct to xt and yt respectively, 

and at and dt to the direct predecessor of xt and the direct successor of j/t, respectively. 
The functor g\ is a fully faithful functor given by 



at 




bt 


^ It 


Ct 


^ -It 


dt 


^ -Ot 



where Ot and — Ot are the minimal and maximal element of Ct respectively. It is the direct successor 
of Ot, and —It is the direct predecessor of — Ot. 
Define a functor 

Hi : k{xt -^yt) — ^ k{at bt ^ Ct ^ dt) 
teQt t£Qt 

by mapping xt to at, yt to dt, and the generator xt yt to the composition at ^ bt ^ Ct ^ dt- 
We also consider the natural embedding of categ ones F '. k(^'p ¥ k(c^„' 

Consider the following diagram where we write A2 and for (• — ^ •) and (• ^> ■ ^ ■ — > •) 
respectively. 



0, kA2 — ^ kQ. 



^^t kA^ s- kQ'j, 

91 




kCt ^ kQ 

where the outer diagram is a 2-pushout. It is readily verified that the upper square is also a 
2-pushout. The 2-natural transformation given by i : kQ, — > kQ and j : ^teQt ^ induces 
a functor i' : kQ', kQ. Using the universal property, it is now straightforward to check that the 
lower square is also a 2-pushout. This shows that p ^ kQ. 
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To show that p = kQ' , consider the 2-pushout 



/' 



y 

kQ' 



where = No • (T x Z) • -No and No = N \ {0}. Note that ^ Ct- 
We define a functor 

H2 : k{x't ^ y^) k{at ^h^ct^ dt) 
teQ't teQ't 

by mapping x[ to bt, y'l to Cf , and the generator xt — > yt to the generator ht Ct- We also consider 
the natural embedding of categories G : 0tgQ' kC[ — > ®t£Q' ^'^t- 
As before, one obtains a diagram 

/i 



0* kA2 



H2 



0t 



91 



kQ' 



where the left square and the outer diagram are 2-pushouts. Using the universal property, one 
shows that the right square is also a 2-pushout. This shows that p = kQ' and thus kQ = kQ' . □ 



Example 7.13. Let Q be the quiver of Example 17. Ill The quiver Q' constructed in the proof of 
Lemma 17.121 is given by 



Remark 7.14. Let thread quiver Q' will be strongly locally finite if and only if Q is. 

Proposition 7.15. The functor i from Construction is fully faithful and has both a left and 
a right adjoint. If is fully faithful for a thread s G Qt, then the functor j** is fully faithful and 
has both a left and a right adjoint. 

Proof. Since g is fully faithful and has a left and a right adjoint, Theorem lA.ll shows the same 
properties hold for i. 

Let s G Qi be a thread such that f : k{- •) — > kQr is fully faithful. We will construct the 
left adjoint of j'' : kCs — )> kQ. First, consider the 2-pushouts 



k[- -> •) 



kQ 
I 
I 
I 

y 



G 



(9')t 
0t/s 



-P 

I 

I 

y 
P' 



Using the universal property, it is straightforward to proof p' = kQ and that j'^ — i' o F'^. Since 
both /* and {g*')t^s are fully faithful and have a left and a right adjoint. Theorem I A. 1 1 vields that 
the same properties hold for and i' , and hence also for j^ . □ 

Although Construction 17.41 will not yield all (semi-hereditary) finite fc- varieties, the following 
theorem says it is general enough to give all semi-hereditary dualizing fc-varieties. 
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Proposition 7.16. If Q is a thread quiver with Qj. strongly locally finite, then kQ is a semi- 
hereditary dualizing k-variety. 

Proof. We may assume the quiver Q satisfies the property of Lemma 17.121 such that Proposition 
17.151 vields i and have right adjoints, for all threads t € Qt- In this case, a finitely generated 
projective module kQ{—,A) € ModfcQ corresponds to a diagram 




where we have written kC — ^^kCt- This shows that the natural embedding Mod/cQ ^• 
Mod kQr ® Mod kC restricts to an embedding mod kQ mod kQr © mod kC Since the latter 
category is Hom-finite, so is the former. In particular we know that kQ is Hom-finite. It follows 
easily from Lemma |7. 171 below that idempotents split in kQ, such that kQ is a finite /c- variety. 

To show that kQ is semi-hereditary (thus that mod kQ is abelian and hereditary) it suffices to 
show that the kernel between finitely generated projectives of Mod kQ is projective and splits off. 

Let kQ{-~,A) — > kQ{—,B) be a map between finitely generated projectives. Since modkQr 
and mod kC are hereditary, we get the exact sequences 

^kQr{-, Ki) ^kQr{-, IrA) ^kQr{-, IrB) 

and 

^kC{-,K2) ^kC{-,]RA) ^kC{~,jRB) 

where the kernels split off. 

These exact sequences induce the following commutative diagram 

^ kQrif-, Ki) ^ kQrif-, irA) ^ kQrif-, irB) 

I 
I 

y j w 

^ kCig~, K2) ^ kCig-,jRA) ^ kC{g^,jRB) 



which shows that the kernel of kQ{—, A) kQ{—, B) splits off, and hence is projective. We have 
shown kQ is semi-hereditary. 

We proceed to show kQ is a dualizing fc-variety, thus that D : Modifd kQ — !> Modifd kQ° induces 
a duality D : mod kQ — > mod kQ° . Let M e mod kQ giving the following diagram 

kL ■ ^ fcg ^ \ 
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Composing with the functor Hom(— . k) : modfc — niodfc, gives the diagram 




Since kQr and kC are duahzing fc- varieties, we see that DM G modfcQ°. Likewise, one shows that 
the functor D : Modifd kQ° Modifd kQ restricts to D : modfcQ" — modfcQ, and hence induces 
a duahty. □ 

We have used the fohowing lemma. 

Lemma 7.17. Let a : X — kOldCat be a 2-functor. If for every i € Obi, all idempotents split in 
a{i), then all idempotents split in 2cohma. 

Proof. RecaU ( 8j) that a category in which all idempotents split is called Cauchy complete. Denote 
by Cc.Cai the 2-category of small Cauchy complete /c-linear additive categories. It follows from [SJ 
Proposition 6.5.9] that the embedding £c.£ot — > fc2lJ)£ot has a left adjoint /cSlOCai £c.£ot. Hence 
taking Cauchy completions commute with 2-colimits (,9^ Proposition 6.7.3] or [13, §3.2]). □ 

We are now ready to complete the classification of semi-hereditary dualizing fc-varieties by 
thread quivers. 

Theorem 7.18. Let a be a semi-hereditary dualizing k-variety, then a may be obtained by Con- 
struction \7.4\ from a thread quiver Q where Q is strongly locally finite. 

Proof. It has been established in Proposition 17.161 that kQ is indeed a semi- hereditary dualizing 
A:- variety, so that we need only to show every semi-hereditary dualizing /c- variety arises in this way 
(up to equivalence). 

Let o be a semi-hereditary dualizing A;-variety and let Q be the corresponding thread quiver as 
in Construction 17.21 There are obvious embeddings i° : kQr kQ and : kCt — > a which give 
a functor F : kQ — >■ a as in the following diagram 

®tkLt ■ — kQ 

j° 

Since the induced functor kQ^ ® kC ^ a \s essentially surjective, so is the functor F. We will 
continue by showing F is also fully faithful by using the description of kQ given in ij2.3l 

Since i'^ ^ F o i and both i and i" are fully faithful, F induces a bijection kQ{iX,iY) — > 
a{FiX,FiY). 

Next, consider the embedding G* : kC[ kCt as in the proof of Lemma [7.121 thus the only 
indecomposables of kCt which do not lie in kC[ are the minimal and maximal elements of Ct- 
The essential image of j' = j*'" o G* is a maximal thread in a. Moreover, j' is faithful and 
Proposition 16.21 shows it is full as well. 

As above we find that F induces a bijection kQ{fX,fY) — > o(Fj*X, FfY) for aU X, Y in the 
essential image of kC[. 
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Following Corollary 16.51 and its dual, this suffices to show that F : kQ 
faithful functor. We have shown that F is an equivalence. 



a is indeed a fully 
□ 



8. Representations of thread quivers 

Let Q be a thread quiver. We define the categories Repj. Q and repj, Q to be Mod kQ and 
modfcQ, respectively. We have the following result. 

Theorem 8.1. Let A be a hereditary category with Serre duality, generated by projective objects. 
Then A = repQ for a strongly locally finite thread quiver Q. 

Proof. Let a be the category of projectives of A, thus o is a finite fc-variety. Since o generates 
A, the fully faithful functor mod a — ^ ^ is an equivalence. By definition o is semi-hereditary and 
Theorem 14. 71 vields that a is a dualizing fc-variety. The result now follows from Theorem 1 7. 181 □ 



With a thread quiver Q, there is thus an associated 2-functor a : Free(- 
given by 



fcSlOCai 



e 



teg, H- •) 
g 

teQt 



f 



■ If 



The category Repj, Q is equivalent to Hom2jr(o, Modfc). Thus the objects of the category Repj, Q 
are given by 

(1) an object N{-) : kQr -> Mod fc of Mod kQr, 

(2) for every thread t, an object Lt{—) : Ct — ^ Modfc of Modfc£t, and 

(3) a natural equivalence a : (BtLt{g—) => N{f—). 

The morphisms are given by the modifications, thus given the data {N, {Lt}t, a) and {N' , {L[}t,a') 
of two representations, a morphism is given by 

(1) a natural transformation /3 : N ^ N' , 

(2) a natural transformation 7 : ©jLt (BtL[ 

such that the following diagram commutes. 



(BtLtig-) 

fig 

®tL't{g-) 



-N{f-) 



As in the proof of Proposition 17.161 the category rep^. Q has a similar description obtained by 
requiring N and Lt to be finitely presented representations. The category rep^, Q will be abelian 
and hereditary. When Q is a strongly locally finite quiver, then rep^, Q has Serre duality. 

Note that even when modfcQ^ and mod {(BteQtf^^t) are well-understood, the last commutative 
diagram that is required can make the category repj, Q contain a wild hereditary category. 

Example 8.2. The category of finitely generated representations of the thread quiver 



contains the representations of a wild quiver as a full and exact subcategory. 
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Figure 4. Construction of 
Appendix A. 2-Pushouts 

S t 

Let I be the 1-category Free(2 <— 1 — !> 3) and a : I — > /cSlOCat a 2-functor. The 2-cohmit of o 
is called a 2-pushout. 

To specify a 2-natural transformation from a to C G /cStOCat, one needs three functors (fi : 
a{i) — C, i=l,2,3) and two natural equivalences (fi ^ f2 o a(s) and fi ^ fs o a{t)). Up to invertible 
modification, we may assume fi = f2 o such that it suffices to give only the functors f2 and 
fs, and a natural equivalence f2 ° a(s) fa o a(t). 

The following theorem shows a connection between 2-pushouts and adjoints. 

Theorem A.l. Consider the 2-pushout 



9 ^ \i 
V 

C 5- P 

J 

in any 2-category. If g is fully faithful and has a left (right) adjoint, then the same holds for i. 
Proof. Consider the first diagram in Figure HI where the natural transformation is given by 

and where eg : gL o g ^ 1 is the counit of the adjunction {gL,g)- We can complete this diagram 
as shown in Figure [H This gives the following identity 

(4) (7-i.l;)o(l,, .a)o(/3.1,) = l^.e,. 

We claim i^ : p ^ b is left adjoint to i. To prove this, we shall define a unit rj : Ip i o 
and a counit e : iL ° i ^ and show that 

(1 • e) o (77 • 1) = 1 and (e • 1) o (1 • 77) = 1. 

We define e = : iL°i ^ lb with 7 as in the second diagram in Figure HI For the definition 
of 77, consider the diagrams in Figure [Sj where the natural transformations on the right-hand side 
are given by 

li»7 : i ^ i o ii^ o i 
(5 = (li • /3) o (a • Ig^) : j o g o gL ^ i o f o gL ^ ioiL o j 

There is a modification, going from the 2-natural transformation on the left-hand side of Figure [5] 
to the one on the right-hand side, given by 

I, : i^ i 

Ij • % : 3 ^ 3°9°9L 
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Figure 5. Construction of unit 




Figure 6. Diagrams occurring in the definition of the modification A 

where r]g : 1 ^ g o gj^ is the unit of the adjunction {gL,9)- This modification corresponds to a 
natural transformation : Ip => ioi^, satisfying the following commutative diagrams (see Remark 



1*7 



°g°9L 
s 



From the first commutative diagram, we obtain 

(1 • e) o (77 • 1) (1 • 7)-i o (77 • 1) = 1. 

To show the other equation, and establish the adjointness of i and i^, we add the functor 
: p -> b to the diagrams in Figure [5] (see Figure [6l). The natural transformations of the second 
diagram of Figure |6] are given by 

li^»5 : iLojogogL^iLoioiLO j 

Ijj^ • Ij • 7 : i]^ o i ^ i]^ o i o i]^ o i 
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Figure 7. Diagrams occurring in the definition of tlie modification fl 

The modification going from the diagram on the left to the diagram on the right in Figure [5] 
induces a modification A given by 

U^ulj9r]g : iL°j ^iL°j°g°gL 
1 : iL o i ^ i]^ o i 

which corresponds to the natural transformation 1 • t] : ^ o i o ii^. 

Likewise, there is a modification (going from the 2-natural transformation on the left hand 
side of Figure [7] to the 2-natural transformation on the right hand side) given by 

(e»l)o(l»(5) : iL o j o g o gL ^ iL o j 

1 : iL o i ^ ij^ o i 
which induces the following commutative diagrams 

o i => ii^ o i o ii^ o i "i-L ° j ° g ° gL => o i o ij^ o j 

i L o i ^^^=^^^= i o i]^ iL ° i = iL ° i 

such that r2 corresponds to the natural transformation e • 1^^ : o i o ij^ il- 

We claim that o A = 1. The only nontrivial fact to check is that f2 o A induces the identity 
on o j : 0j kCt p. This follows from 

(e • •l.j)o (1,^ •5)o (1,^ • Ij- • r^g) 

= (e • Ir^ • Ij) o {U^ • 1, • /3) o (1,;^ mamlgjo (1,;^ • 1^- • rjg) 

= /3 o (e • 1 J • Ig^ ) o (1,^ • a • Ig^ ) o (1,^ • Ij • ryg) 

= /3° (1/ 'Cs • Ig^) ° • Ig • Igi.) ° (1*^ • h • %) 
= ^° (1/ 'eg • Ig^) ° (1/ • 

= /3o(l^.l,Jor' 

where we have used equations Q and (|4]). Since f2 o A = 1, we find that (e • 1) o (1 • jy) = 1 and 
hence we may conclude that is indeed left adjoint to i. Since e is invertible, the functor i is 
fully faithful. 
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Figure 8. Construction of 
Similarly, one verifies that the functor in, defined in Figure [8l is right adjoint to i. 

□ 
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